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We establish the existence of periodic solutions of the second order nonautonomous singular
coupled systems x" + a1 (t)x = f1(t, y(t)) +ei(t) forae. t € [0, T], y" + ax(t)y = fo(t, x(t)) + ex(t) for
a.e. t € [0, T]. The proof relies on Schauder’s fixed point theorem.

1. Introduction

Some classical tools have been used in the literature to study the positive solutions for two-
point boundary value problems of a coupled system of differential equations. These classical
tools include some fixed point theorems in cones for completely continuous operators and
Leray-Schauder fixed point theorem; for examples, see [1-3] and literatures therein.

Recently, Schauder’s fixed point theorem has been used to study the existence of
positive solutions of periodic boundary value problems in several papers; see, for example,
Torres [4], Chu et al. [5, 6], Cao and Jiang [7], and the references contained therein. However,
there are few works on periodic solutions of second-order nonautonomous singular coupled
systems. In these papers above, there are the major assumption that their associated Green’s
functions are positive. Since Green’s functions are positive, in the paper, we continue to study
the existence of periodic solutions to second-order nonautonomous singular coupled systems
in the following form:

x"+a1()x = f1(t,y(t)) +ei(t) forae. te€[0,T],

1.1
y'+ax(Hy = fa(t, x(t)) + ex2(t) forae. te€[0,T], (4D
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2 Mathematical Problems in Engineering

with aj,as,e1,e2 € L'[0,T], f1,f» € Car([0,T] x (0,+0),(0,+00)). Here we write f €
Car([0,T] x (0,+00), (0, +00)) if f : [0, T] x (0, +00) — (0,+c0) is an L!-caratheodory function,
that is, the map x — f(¢ x) is continuous for a.e. t € (0,1) and the map t — f(t,x) is
measurable for all x € (0,+00), and for every 0 < r < s there exists h,; € L'(0,T) such
that |f(t,x)| < h,s(t) for all x € [r,s] and a.e. t € [0,T]; here “for a.e.” means “for almost
every”.

This paper is mainly motivated by the recent papers [4-6, 8, 9], in which the periodic
singular problems have been studied. Some results in [4-6, 9] prove that in some situations
weak singularities may help create periodic solutions. In [6], the authors consider the periodic
solutions of second-order nonautonomous singular dynamical systems, in which the scalar
periodic singular problems have been studied by Leray-Schauder alternative principle, a
well-known fixed point theorem in cones, and Schauder’s fixed point theorem, respectively.

The remaining part of the paper is organized as follows. In Section 2, some preliminary
results will be given. In Sections 3-5, by employing a basic application of Schauder’s fixed
point theorem, we state and prove the existence results for (1.1) under the nonnegative of
the Green’s function associated with (2.1)-(2.2). Our view point sheds some new light on
problems with weak force potentials and proves that in some situations weak singularities
may stimulate the existence of periodic solutions, just as pointed out in [9] for the scalar case.

To illustrate our results, for example, we can select the system

+a(Hx =y +e(t),
(12)
Y'+a(t)y=x"%+ex(t),

with ay,a5,e1,e2 € C[0,T],0 < a; < 1,i = 1,2. Here we emphasize that in the new results
e1, e do not need to be positive.

Let us fix some notation to be used in the following: given a € L(0,1), we write a > 0
if a > 0fora.e. t € [0,1] and it is positive in a set of positive measures. For a given function
p € L'[0,T], we denote the essential supremum and infimum by p* and p, if they exist. The
usual LP-norm is denoted by ||-||,. The conjugate exponent of p is denoted by p : 1/p+1/p = 1.

2. Preliminaries

We consider the scalar equation

x" + ai(t)x = ei(t), i= 1, 2, (2.1)

with periodic boundary conditions

x(0) = x(T), x'(0) = x'(T). (2.2)

In this paper, we assume that the following standing hypothesis is satisfied.
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(H1) The Green function G;(t, s), associated with (2.1)-(2.2), is nonnegative for all (¢,s) €
[0,T]x[0,T],i=1,2.

In other words, the (strict) antimaximum principle holds for (2.1)-(2.2). Under the
conditions (H;), the solution of (2.1)-(2.2) is given by

T
x(t) = fo G;i(t,s)ei(s)ds. (2.3)

For a nonconstant function a(t), there is an LP-criterion proved in [9], which is given in
the following lemma for the sake of completeness. Let K(g) denote the best Sobolev constant
in the following inequality:

Cllul2 < |||l;,  Yue H(O,T). (2.4)

The explicit formula for K(g) is

) (Y e
gT2/i\2+q T(1/2+1/q) =q=

K(q) = 2.5)
% if g =00,
where T is the Gamma function. See [10].
Lemma 2.1. For each i = 1,2, assume that a;(t) > 0 and a; € LP[0,T] for some 1 < p < co. If
llaill, < K(2p), (2.6)
then the standing hypothesis (H1) holds.
We define the function y; : R — R by
T
w0 = [ Gt eds, =12, 7)
0
which is the unique T-periodic solution of
x" +a;(t)x = e;(t). (2.8)
Throughout this paper, we use the following notations:
Yir =minyi(), y; = maxyi(t). (2.9)
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4 Mathematical Problems in Engineering
3. The Case y1. >0, 2. >0

Theorem 3.1. Assume that (Hy) is satisfied; furthermore, we assume that there exist b; > 0, B,- >0,
and 0 < a; < 1 such that

(H2)

b; (t) 0

0< <filtx) < =7, Vx>0, aete(0T), i=12 (3.1)

If y1s > 0, y24 > 0, then there exists a positive T-periodic solution of (1.1).

Proof. A T-periodic solution of (1.1) is just a fixed point of the completely continuous map
A(x,y) = (Ax, Ay) : Cr x Cr — Cr x Cr defined as

T
(Ax)(t) := fo Gi(t,s)[f1(s,y(s)) + ei(s)]ds

T
= J‘ Gl(t,S)f1(S,]/(S))d5+Y1(t)f
0 (3.2)

T
(Ay)(t) = —[0 Ga(t, s)[f2(s,x(s)) + ea(s)]ds
T
= .[o Ga(t, s) f2(s, x(s))ds + ya(t).

By a direct application of Schauder’s fixed point theorem, the proof is finished if we
prove that A maps the closed convex set defined as

={(x,y) €CrxCr:r <x(t) <R, <y(t) <Ry, Vte[0,T]}, (3.3)

into itself, where Ry > r; > 0, R, > r, > 0 are positive constants to be fixed properly. For
convenience, we introduce the following notations:

T T
pi(t) = f Gi(t, s)b;(s)ds, Bi(t) = j Gi(t,s)bi(s)ds, i=1,2. (3.4)
0 0
Given (x,y) € K, by the nonnegative sign of G; and f;, i = 1,2, we have

T
(Ax) () = fo Galt, 8) 1 (5,y(s))ds + 11 (8)
) (3.5)
bi(s)
y i (s)

1()

dszj Glt,5) 2obds > o+ oo

T
> Gl(tl S) ar’
.[0 R,
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and note for every (x,y) € K that

T
(Ax)(t) = fo Ga(t,5) fi (s, y(s))ds + y1 (8)
(3.6)
bi(s) s,

1
yul( ) Y1<p1 +Y1

T
< fo Gi(t, s) ds+y; < f Gi(t,8)——

Also, follow the same strategy,

T
(Ay)(t) = fo Galt, ) fals, x(s))ds + 1a(t)

by (5) L
R"‘2 RP

2(5)

f Galt, ) 2 = ds>f Ga(t,s) 2t

3.7)
T
(Ay)(t) = f Galt, s) fols, x(s))ds + 1 (t)
bz( )

2(s)

fcz“s)m

* * 1
ds +Y2—I Ga(t, s) =2~ stﬁz‘ﬁ+}’2-
1

Thus (Ax, Ay) € K if r1, 1, R1, and R, are chosen so that

1
* *
alZ"lz ﬁ]'Tl"'Yl SRll
R, )

B -
(3.8)

- 1
% *
[52*'@272, Py % t1 <R
1 L1

Note that ﬁi*, Bi« > 0 and taking R = Ry = Ry, ¥ =1 = 1o, ¥ = 1/R, it is sufficient to find R > 1

such that
PR 21, pRUsR <R
~ (3.9)
ﬁZ* : Rl_uz > ]-/ ﬂ; -R™ + Y; < R/

and these inequalities hold for R being big enough because a; < 1. O
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4. The Case 11, <0<7y/, 1. <0<y,

Theorem 4.1. Assume (Hy) and (Hy) are satisfied. If y1. <0 <y}, y2« <0 <y3, and

aia

> = "0
Yix 2 10 — ﬁl* B r e

(B + 1311 (41)

aiar

Yz > 120 — ﬁz . L
* Z * ’
(B +1ir)™

where 0 < 11 < +oo is a unique positive solution of the equation
1 B4y Ty Lo a1a2ﬁ;ﬁ1*, (4.2)
and 0 < ry < +oo is a unique positive solution of the equation
R By )T = mapipa, (43)

then there exists a positive T-periodic solution of (1.1).

Proof. We follow the same strategy and notation as in the proof of ahead theorem. In this case,
to prove that A : K — K, itis sufficient to find 7, < Ry, 2 < R, such that

. P
% + Yl* Z rl/ Tl Yl — Rl/ (44)
2 2
ﬁ_?;; + Y2« > 12, ﬁz + Yz < RZ (45)
Rl 1

If we fix Ry = /15" +y;, Ry = B3/ + v, then the first inequality of (4.5) holds if r,

satisfies
> g(r) =12~ i (4.6)
Yoe 2 8(r2) =12 = fos - . :
Br+ri-rh)”
According to
gr)=1-p -
2) = 1= P2’ —M
Br+yi-n')
[ala BTy ) = e (B 4y ) ey l]
(4.7)

ﬂz*alaz pml [1 oy ]
(ﬂl +7 “ i+

_1-
=1- alazﬂlﬂz* ' l(ﬂ; +yr et
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we have g'(0) = -0, ¢'(+00) = 1; then there exists 1 such that g'(r) = 0, and
§'(r2) = = [srcsian (@ - D=2 (B 7 1)

(4.8)

+a1azﬁ1‘ﬁ2*r§““2‘1(—1 —m)(f+y7 -1y _z_azﬁalrgl_l] > 0.

Then the function g(r,) possesses a minimum at ry, that is, g(r20) = min,,¢(0,+00) g(72)- Note
g'(r) = 0; then we have

- aafifors ™ (B 447 -r5) " =0, (4.9)
or equivalently,
rzlo—muz (ﬂ; + Yi* . Tﬁlg 1+ay = a1a2m§2*, (4_10)
Similarly,
ralﬂz
a 1
Ye 28(r) =11 P - (4.11)
B+ rfz)al
g(r10) = min, ¢ +)g(71), and
me (B s ) = aafipr (4.12)

Taking 7 = 119 and 1, = 1y, then the first inequality in (4.4) and (4.5) holds if y;. >

g(710), Y2« > g(r20), which are just condition (4.1). The second inequalities hold directly by
the choice of Ry and Ry, and it would remain to prove that ri9 < Ry and 1y < Ry. This is easily
verified through elementary computations

* * * a1
R—ﬂ+ L _ Pty
1= aq Yl_

aq
"0 "0

S \V(4a2) 6, 1)/ (Ltan)
( ) Ty

ara2 5] Pox (4.13)

24
"0
SNV _qaava
= (M“ZmﬂZ*) '7'20( o),

The proof is the same as that in Ry,R; = (alazﬂéﬁu)l/(lml) . r1_0(1+“2)/(1+“1).
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Next,we will prove rig < Ry, 120 < Ry, or equivalently,

~ \1/(1+m)
Tlo’"é(l)mﬂ/(“m < (“wzﬁﬁz*) " ,
J(ear) (4.14)
—~ 1/(1+ay
Tzorl((l)mZ)/(lml) < (0610!2,3;,31*> )
Namely,
et < oy Bifos, raa S < ayaa P (4.15)
On the other hand,
_ w1 5
rzlomuz (ﬂl) +ay < altxZﬁlﬂZ*. (416)
Then
£\ — -~ 1/(1—a1u2)
120 < (a1a2(ﬁ1) azﬁz*) . (4.17)
Similarly,
a5 1/(1-a12)
1o < (dmz(ﬂz) ulﬂu) . (4.18)
By (4.17) and (4.18),
a5\ (Fa)/(1-aaz) a5\ () /(1—aa)
o ™ < (“1“2 (B3) “1[31*) (alaz(ﬁl) “Zﬁz*) . (4.19)
Now if we can prove
a5\ (@) /(-aiaz) a5\ (ra)/ (1-mar) .
CLACINY (maa (B}) P2 ) < aazfipa, (4.20)
then
ra e < o fo. (4.21)
In fact,
-~ (1+az)/ (1-a1a2) ~ a1 (1+az)/ (1-aya2)
(alaZ)(2+a2+a1—1)/(1—a1u2) . & . & < 1 (4.22)
B P
since ﬁi* < pr,i=1,2. Similarly, we have r;g “11‘115 < m a2ﬁ;ﬁ1* ; we omit the details. Now we
can obtain rip < Ry, 20 < Ry. The proof is complete. O
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5.The Case y; <0, 2. <0<y} (5 <0, y1. <0<7)

Theorem 5.1. Assume (Hy) and (Hy) are satisfied. If y; <0, y2. <0 <y}, and

7

] 1/(1—111412)

Yox 2> (1 - ﬁ) |:lx1a2%

(5.1)
rlllvlz
2 11
Yie 2711 = Pro s s
By +1vrii)"
where 0 < 11 < +00 is a unique positive solution of the equation
1- 1 2

n (B s ) Y = b, (5.2)

then there exists a positive T-periodic solution of (1.1).

Proof. In this case, to prove that A : K — K, itis sufficient to find r; < Ry, > < R, such that

£3
ﬁl* ﬁ1
Sar TV 211, — <Ry,
R, 53
5.3
N * 53)
* 2 *
W"‘YZ*ZTL & 1 <R
1 L8|

If we fix Ry = Bi/ry', Ry = B5/r]” +v5, then the first inequality of (6.4) holds if r,
satisfies

ﬁZ* ﬂZ* . T“l a (54)

YZ*ZrZ__=r2_ 2
Ry )™

or equivalently

:Bz* o
o, 5.5
)= 59

You 2 f(12) =12 —

Then the function f(r,) possesses a minimum at

‘B 1/(1-yaz)
2%
21 = a2 - ———4 ’ (5.6)
[ (ﬁl)‘“]

thatis, f(r21) = ming,e+00) f (72)-
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On the analogy of (5.4), we obtain

ajan
"

Yie 211 — Bl* T A (5.7)
B +1511%)
or equivalently,
T P S (5.8)
Yis 2 (1) =11 = Pl * 7 — a7 .
B +15117)
According to
W (r1) =1 - maafifrart @ (B + pre) ™, (5.9)
we have h'(0) = —co, h'(+c0) = 1; then there exists 711 such that I'(ry1) = 0, and
W () = ~[mapipre(aa = Dr =2 (B 4y )
(5.10)
* ajay—1 * * ap\—2-a1_ x ar—1
+a1ao ity (l-a)(Br+7; 1) Y2 a2t ] > 0.
Then the function h(ri) possesses a minimum at 1, that is, h(r11) = min,, ¢(o+c0) f (71)-
Note 1 (r11) = 0; then we have
* 2 arax—1 * * ar\ —1-ay
1 - mafspra ™ (B +v5 - 117) =0. (5.11)
Namely,
By o) = mapipua. (5.12)

which are just condition (5.1). The second inequalities hold directly by the choice of R, and
Ry, so it would remain to prove that R, = f}/ rgll >r, Ry =65/ rflz +75 > r21. Now we turn to

prove that Ry > 111, Ry > 1.

Taking r» = 1o and ry = ry1, then the first inequality in (5.3) hold if y», > h(r21) and y1. > h(r11)
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First,

o B ;
B o pas (8

1/ (1~ az) }“1

ﬂ; (ﬂ;)l"'(“laz)/(l_al“Z)
= —~ a1/ (1-aia) = ~ v /(-aa)
[aldz . ﬂZ*/(ﬂ;)az] ' " (alaz . 2*) ' -
o\ 1/(-ma) . i)
(B7) _ P
- ~ \anl/(-aa) T 2\«
[(alaz : ﬂz*) ] (“1“2 'ﬁZ*)

1/(1-ara2)

1 pi

= . > [al an -

()™ (52*),11

1x

()"

~ 1/(1-ara2)
] =T,

since fii. < pf,i=1,2.

On the other hand,
* * * an
R_ﬂz *_ﬁz"‘}’z'rn
2 = 2y + 2= T -
T T
11 11

By (5.2), we have
* x 00 * /@) (4 ,-1 /(1+a
Pty 1ip = (“1“2‘62[51*) rl(ll D),
Combing (5.14) and (5.15),

N\
Ry = (“1“2‘6;[51*) l e,

In what follows, we will verify that R, > ;. In fact,

—~ (1+111)/(1—u1a2) . u2(1+a1)/(1—a1u2)
(alaz)(2+u2+a1)/(1—a1a2)—1 . ﬂ_Z: X pl** < 1’
s 1

since By < Bf,i = 1,2. Thus

> (1+a1)/(1—a1u2) ( ~ ) (1+a2)/(1—u1a2)

a azﬁ;(_al) Pix < al“Zﬁ;ﬁl*-

(alazﬂ;‘(_”) ﬁz*

11

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)
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On the other hand,

T;f ulazﬂImaZ) < “1“2ﬂ;ﬁ2*;

R (5.19)
g < oo By
Thus one can see easily that
wlea) =\ 1/ (1-maz)
121 < (aldzﬂl( aZ)ﬂz*) ,
. (5.20)
(= -~ —a1a)
1 < <a1a2ﬂ2( al)ﬁh) .
From (5.20),
) o\ (Ita)/(1-aiaz) o) s\ () /(1-aiaz)
Tllfazr;rul < (alaZﬁz( al)ﬂu) <a1a2ﬂ1( %2) 2*) . (5.21)
Combing (5.18) and (5.21),
e < maopypra. (5.22)
Therefore,
o\ 1/(+ay)
r21r1(i+az)/(1+a1) < <a1a2ﬂ3ﬂ1*> a ‘ (523)
Recall (5.16), we obtain r; < R, immediately. The proof is complete. O
Similarly, we have the following theorem.
Theorem 5.2. Assume (Hy) and (Hy) are satisfied. If y; <0, y1. <0 <y;, and
~ 1/(1-ara)
nox (120 a2 ]
TN am 8" ’
(5.24)
S
Yos 2721 = Pou s s,
(B +yimg)™
where 0 < 1y < +oo is a unique positive solution of the equation
R (R R CRE et BT T (5.25)

then there exists a positive T-periodic solution of (1.1).
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6. The Case 11, >0, 1. <0<y (1220, y1. <0<yy)

Theorem 6.1. Assume (Hy) and (Hy) are satisfied. If y1. > 0, y2. <0 < y;, and

1o
o)

Yox 2 122 — ,Bz* —*al (6.1)
(B +yirn
where 0 < 1y, < +oo is a unique positive solution of the equation
1 7
R B )T = mapifan, (6.2)

then there exists a positive T-periodic solution of (1.1).

Proof. The following proof is the same as the proof of ahead theorem. In this case, to prove
that A : K — K, itis sufficient to find r; < Ry, r» < Ry such that

I@: 2711, ﬂl + Y1 <Ry, (63)
2 2
Ili?;; + Y2« > 12, % + Y; < RZ- (64)
1 1

If we fix Ry = f3;/ rg "ty R =5/ r1 +7;5, then the first inequality of (6.4) satisfies

Po - < '[ill + Y1> + Y2 212, (6.5)

5

or equivalently

P e, (6.6)

Yo« 2Ur2) =1 — ——
(B +yir3")

Then the function [(r;) possesses a minimum at 12y, that is, [(r) = min,,e(0,+00)(72).
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Note I'(ry) = 0; then we have
w2 oar—1/ o% * ap\ —1-a
L= aiaafifouryy ™ (B +71 - 15) =0. (6.7)
Therefore,
1-ajay * * ap 1+az * 2
(B Y Ty = a1 Pou. (6.8)

Note that ,Bi*, Pix >0,i=1,2. And taking r» = 2, Ry = ff}/ rgg +71, 11 = 1/ Ry, it is sufficient to
find r; < Ry, 2 < R, such that

R <P, RP+1; <Ry (6.9)

and these inequalities hold for R, being big enough because a; < 1. The proof is completed.

O
Similarly, we have the following theorem.
Theorem 6.2. Assume (Hy) and (Hy) are satisfied. If y2. > 0, y1. <0 < y;, and
1o
Yix 2 112 — ﬁu : %, (6.10)
B+ 13m0
where 0 < 115 < +oo is a unique positive solution of the equation

n By ) = manfip, (611)

then there exists a positive T-periodic solution of (1.1).

Acknowledgments

The work was supported by Scientific Research Fund of Heilongjiang Provincial Education
Department (no. 11544032), a grant from the Ph.D. Programs Foundation of Ministry of
Education of China (no. 200918), Key Subject of Chinese Ministry of Education (no. 109051),
and NNSF of P. R. China (no. 10971021).

www.manharaa.com




Mathematical Problems in Engineering 15

References

[1] H. Lu, H. Yu, and Y. Liu, “Positive solutions for singular boundary value problems of a coupled
system of differential equations,” Journal of Mathematical Analysis and Applications, vol. 302, no. 1, pp.
14-29, 2005.

[2] R. P. Agarwal and D. O’Regan, “Multiple solutions for a coupled system of boundary value
problems,” Dynamics of Continuous, Discrete and Impulsive Systems, vol. 7, no. 1, pp. 97-106, 2000.

[3] R.P. Agarwal and D. O'Regan, “A coupled system of boundary value problems,” Applicable Analysis,
vol. 69, no. 3-4, pp. 381-385, 1998.

[4] P.]. Torres, “Weak singularities may help periodic solutions to exist,” Journal of Differential Equations,
vol. 232, no. 1, pp. 277-284, 2007.

[5] J. Chu and P. J. Torres, “Applications of Schauder’s fixed point theorem to singular differential
equations,” Bulletin of the London Mathematical Society, vol. 39, no. 4, pp. 653-660, 2007.

[6] J. Chu, P. J. Torres, and M. Zhang, “Periodic solutions of second order non-autonomous singular
dynamical systems,” Journal of Differential Equations, vol. 239, no. 1, pp. 196-212, 2007.

[7] Z. Cao and D. Jiang, “Periodic solutions of second order singular coupled systems,” Nonlinear
Analysis. Theory, Methods & Applications, vol. 71, no. 9, pp. 3661-3667, 2009.

[8] D.Jiang, J. Chu, and M. Zhang, “Multiplicity of positive periodic solutions to superlinear repulsive
singular equations,” Journal of Differential Equations, vol. 211, no. 2, pp. 282-302, 2005.

[9] P.J. Torres, “Existence of one-signed periodic solutions of some second-order differential equations
via a Krasnoselskii fixed point theorem,” Journal of Differential Equations, vol. 190, no. 2, pp. 643-662,
2003.

[10] M. Zhang and W. Li, “A Lyapunov-type stability criterion using L* norms,” Proceedings of the American
Mathematical Society, vol. 130, no. 11, pp. 3325-3333, 2002.

www.manharaa.com




